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Abstract-There is suggested a model for chemical reaction within a boundary layer based on the 
concept of a critical temperature to distinguish between regions of frozen and equilibrium flow. The 
model, which is termed the flame zone model, is applied to the injection of hydrogen-oxygen mixtures 
through a porous surface into a laminar boundary layer with uniform external conditions in air. It 
is shown that the model is less restrictive than the frequently applied flame sheet model to which it 
reduces in special cases and with a simplifying approximation concerning the equilibrium condition. 
The results of several numerical examples corresponding to hypersonic wind tunnel and to hypersonic 

flight conditions are presented. 

NOMENCLATURE 

constants in expression for tem- 
perature variation of Kp ; see 
equation (41); 
constantsinenthalpy-temperature 
relation; see equation (38) and 
Table 2; 
specific heat of mixture; 
specific heat of ith species ; 
skin friction coefficient based on 
free stream conditions; 
diffusion coefficient of ith species; 
Blasius function; see equation 
(1); 
total enthalpy ratio, h,/hs,; 

enthalpy of mixture ; 
enthalpy of ith species; 
total enthalpy of mixture; 
thermal conductivity of mixture; 
equilibrium constant based on 
partial pressure; 
Lewis number of ith species, 
P&+; 

* This research was sponsored by the Aeronautical 
Research Laboratory, Office of Aerospace Research, 
United States Air Force, under Contract AF 33(616)- 
7661, Project 7064, and is partially supported by the 
Ballistic Systems Division. 
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exponent in equation (5), m = 0 
for planar flows, m = 1 for 
axisymmetric flow; 
Mach number ; 
heat flux; see equations (30) and 
(31); 
radial distance from axis of 
symmetry; 
transformed tangential co- 
ordinate; see equation (6) ; 
absolute temperature; 
reference temperature; see Table 
2; 
ignition temperature; see Table 2; 
recombination temperature: 
dissociation temperature; 
tangential velocity component ; 
non-dimensional velocity, 

U/l&? =,f’; 
normal velocity component ; 
absolute velocity of ith species; 
diffusion velocity of ith species ; 
molecular weight of mixture ; 
molecular weight of ith species; 
rate of production of ith species; 
tangential co-ordinate; 
normal co-ordinate; 
mass fraction of ith element; 
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Yi. 
Ji. 

Subscripts 
c, 
e, 

.f: 
i, 

0. 

11’. 
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mass fraction of ith species: 
enthalpy of ith species at T 2:: T,.: 
see equation (36) and Table 2 : 
normal distance parameter; see 
equation (5) ; 
absolute viscosity of mixture : 
injection parameter: see equation 

(27) ; 
density of mixture ; 
partial density of tih species; 
Prandtl number, p&/k: 
characteristic flow and chemical 
times : 
parameter defining coolant com- 
position; see equation (I 8). 

conditions in coolant chamber: 
conditions at edge of boundary 
layer : 
conditions at edges of flame zone: 
conditions .corresponding to in- 
jection of inert gas: 
conditions corresponding to zero 
injection; 
conditions at wall or body sur- 
face. 

INTRODUCTION 

THERE has recently been an increasing interest in 
laminar boundary layers with chemical reaction 
as indicated by the appearance since 1958 of 
references [l-9] in the aeronautical literature. 
These studies have involved either simple 
chemical systems or limiting chemical behavior 
and simplified transport and thermodynamic 
properties. These simplifications are necessitated 
by the complexity of the boundary layer equa- 
tions with realistic chemical, transport and 
thermodynamic descriptions. The simplification 
with respect to the chemical behavior is the 
most restrictive in that major features of practical 
interest are thereby obscured whereas assump- 
tions with respect to transport and thermo- 
dynamic properties are expected to lead only to 
quantitative inaccuracies. Despite this limitation 
it is common to idealize chemical behavior in 
order to establish some features of boundary 
layers with chemical reaction. The actual 
applicability of these models depends on the 

model itself. the chemical system considered. 
and the flow conditions involved, e.g. the 
pressures, temperatures. velocities, and lengths. 

The flame sheet model of chemical reaction 
lras been considered by several authors (cf. 
references [3-91). In this model chemical 
reaction is confined to one or more discontinuity 
surfaces which are located within the boundary 
layer by requirements on the composition andjot 
temperature at the sheet. Thus the flow is 
effectively frozen except at the flame sheet\. 
This model has been used to predict the influence 
of chemical reaction on heat transfer and the 
location of reaction zones within a boundary 
layer. 

It is the purpose of this report to suggest a 
model which is different from the flame sheet 
model but whose applicability in actual flows 
involves the same questions as does the flame 
sheet model. It is based on an idealization of 
chemical kinetic behavior in terms of a critical 
temperature Tf such that for T --i Tf no chemical 
reaction occurs while for T. Tf equilibrium 
composition prevails.* It will be seen below that 
in general this idealization leads to reaction 
zones within the boundary layer rather than re- 
action surfaces and has therefore been termed a 
flame zone model. 

As an example of its application consider the 
flow over a constant pressure, porous surface 
through which a fuel is injected into a stream 
involving an oxidizer. Assume that both T,,. and 
T, are less than Tf: assume further that chemical 
reaction occurs so that within the layer T I Tf.t 
Then there will exist a zone which is bounded 
on its two edges by surfaces corresponding to 

* This idealization may be considered a combination 
of the ignition temperature concept employed in laminar 
flame theory plus an infinite reaction rate. 

t As an extension of the utility of the suggested model, 
it could be assumed that if T C ri throughout the bound- 
ary layer in the case of completely frozen flow. then such 
a solution is a physically realistic one. However, if in 
that same flow, T .; T, somewhere, then the assumption 
of a frozen flow is untenable. The only remaining, simple 
alternative is an equilibrium type of behavior possibly 
idealized as per the flame sheet or flame zone models. 
Non-equilibrium behavior is not considered a simple 
alternative although it is clearly the most realistic. There 
will be presented below a discussion of the role of pressure 
in determining the validity of equilibrium solutions for 
the hydrogen-oxygen-air system considered herein. 
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T L- Tf and which involves internally chemical 
equilibrium. 

The details of the analysis and features of this 
model will be demonstrated by application to 
the injection of hydrogen and hydrogen-oxygen 
mixtures into a laminar boundary layer through 
a porous surface. Some attention has been 
devoted to the use of hydrogen as a coolant in 
porous cooling since it has long been recognized 
that the cooling effectiveness per unit weight of 
coolant is greatly increased if the molecular 
weight thereof is reduced. Thus Hartnett and 
Eckert [5] considered an incompressible bound- 
ary layer with hydrogen reaction and a flame 
sheet model for chemical reaction. Cohen et al. 
[3] considered, as one of several examples. 
hydrogen injection with a chemical model based 
on the specification of two temperatures: one 
for dissociation, T<ns, and one for recombination 
Tree with Tdis > Tm. For T > Tdis water was 
assumed to vanish; for T < T,,, either oxygen 
or hydrogen was assumed to vanish. Finally, 
Eckert ef al. [lo] and Hayday [7] considered 
hydrogen injection without chemical re- 
action. 

It will be of interest to compare the boundary 
layer properties resulting from the proposed 
flame zone model for chemical reaction with 
those obtained from other chemical models and 
from hydrogen injection without reaction. It 
will be shown that the models are distinct; for 
example, the flame zone model is not limited in 
the injection rate and leanness of the oxygen- 
hydrogen mixtures used for cooling. In addition 
it displays a pressure dependence not found in 
the other model. 

The detailed analysis of the flame zone model 
is discussed first in terms of the dependence of 
the gas properties within the layer on the velocity 
ratio u/u, - U; on the skin friction-mass 
transfer parameter, 5; and on the ratio, #, 
defining the composition of the hydrogen- 
oxygen mixture used as the coolant. The basic 
assumptions permitting this treatment are 
reviewed briefly. Then there are discussed heat 
transfer and boundary layer properties which 
result from application of the flame zone model 
to a laminar boundary layer. In a following 
section the results of numerical analysis for 
several free stream, wall and coolant conditions 

are presented and compared to the predictions 
of other models for chemical behavior. 

ANALYSIS 

The system considered corresponds to the 
injection through a porous surface of either 
hydrogen or a mixture of hydrogen and oxygen 
into a laminar boundary layer. The external 
flow is assumed to be uniform and to be air. 
The chemical species are taken to be oxygen, 
hydrogen, water in gaseous form and nitrogen. 
The subscripts l-4 are employed respectively to 
denote these species. Note that nitrogen is 
treated here as an inert dilutant.* 

Basic equations 
For simplicity the distribution of injection 

and the transport properties will be assumed to 
be such that the flow is similar; thus 

(i) G = Let = 1 

(ii) C = (PP)/P+~ = 1 

(iii) (p~)~ - x-rj2. 

With these assumptions the describing equations 
(cf. reference [2]) are 

f "' -i- .iY = 0 (1) 
g" +fg' = 0 (2) 

Fif’+fF{‘=O, i= 1,2 (3) 

Y*” + fY4’ = 0 (4) 

where 

( )’ = dldrl, 71= ~e@V.9-~‘~ fl (P/P,) du 
(5) 

S = pepeue $; r2m dx (6) 

and where 

6 - Y1 + (w,Y,PW,) (7) 

p2 = y2 + (w,Y,/~,> CS> 

are the element mass fractions of oxygen and 
hydrogen respectively. Within the assumptions 

* The analysis presented in the first several subsections 
of this section is a direct application to the hydrogen- 
oxygen-air system of previous analyses, e.g. those in 
references [2] and [6]. 
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of similarity, these equations are independent of 
the chemical kinetics, i.e. they apply for frozen, 
non-equilibrium and equilibrium flows. The 
boundary conditions for these equations are: 

at q = 0, f=fw, f’=o 
1 

g = gw 
Ft=F&, i=l,2 

1 (9) 
! 

Y4 = Yau, ! 
atq-foo, f’=g=l 

1 

The generalized Crocco relations 
Comparison of the differential equations and 

boundary conditions leads to the generalized 
Crocco relations; namely 

g =gw(l -f’) 4-f (11) 

PI = F&( 1 -- f? + Y, f” (12) 

Fs = FZU,( 1 - f’) (13) 

Y4 = Y*w(l - f’) + Y,d’. (14) 

Use of the mass balance at the wall 
The quantities yfw and Yaw are determined by 

requirements on the mass balance at the wall. 
It is fkst recognized that for steady flow there is 
no net flux of water and nitrogen into the wall; 
therefore, 

and 

z:‘Jw = lJ42(’ = 0 (15) 

(Y$, + Y,v&, = VW. (16) 

Now conservation of mass between a plane in 
the coolant chamber where a/$~-+ 0 and the 
exposed surface of the porous plate requires 

(P&c = (P1V3w 

(PGJC = (Pz%)w (17) 

and 

so that if 

(Y,IJ% = Kl - r,)/r,lc 5% $9 (18) 
then 

( Y&m = $( Y&J,,. (19) 

Note that 4 = W,/2W, = 8 corresponds to a 
stoichiometric mixture of hydrogen and oxygen 
in the coolant chamber. 

It is now convenient to recognize that the 
diffusional velocities at the wall F’iFc can be 
expressed as 

VLtc = -- [lk/( - &)I( Y’ii Yi),,~. (20) 

Use of (15), (16), (19) and (20) with i = 1 t’o 4 
plus the relations 

l’i = 1’ + J/‘l (21) 

permits the following equations to bc 
established : 

y’nu = (-fw){Yw - M/(1 + 9>11- (22) 

y’w = (-hJ{Y,,,! - [l/(1 + +)I3 (23) 

Y’ Xl.0 = (- fw) Y,V (24) 

y14uj = (- fud Y,,,.. (23 

(7) and (12) are differentiated with respect to 71 
and the results are evaluated at 7 = 0; then if 
(22) and (24) are employed to eliminate kP’i,,,, 
i == 1. 3, there results 

(27) 

%‘,,0 = [E/(1 + $)I(1 t E)-‘. cw 
Also (14) is differentiated with respect to 7 ; the 
result is evaluated at 71 = 0 and combined with 
(25) to yield 

Y*2c = Y.&l t- 5)-l. (29) 

Thus (26), (28) and (29) combined with (12)- 
(14) permit the element mass fractions to be 
expressed in terms off’, + and E once Ylc and 
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Y,, are specified. However, the corresponding 
composition in terms of the mass fractions Yf 
is still undetermined in terms of these same 
parameters. 

It will be convenient for further analysis to 
have the values f’;, for various values of -fW. 
These can be obtained from the tabulation of 
Emmons and Leigh [I l] ; the results in terms of 
the variables employed herein are shown in 
Fig. 1. 

0' 
0 0.2 

-flv 
FIG. 1. Ratio of friction coefficient with injection to 

that on solid wall as function of injection rate. 

Heat transfer at the wall 
It is of interest to consider the heat transfer 

at the wall to ascertain what can be determined 
prior to specification of the model for the 
chemical reaction. Define the heat transfer 

~1 = t/&)& = b)whs,l(-.hfw)lg’w. (30) 

Now from (11) and (27) it is easily seen that 

q = Pe&s,(cG)(l - gw). (31) 

Furthermore, the skin-friction coefficient cf is a 
function of Reynolds number and of (-&); 
thus, if there can be made some auxiliary state- 
ment leading to the determination of gW, then 
q can be found independent of the chemical 
model. Such statements can be, for example, 
either ]gW] < 1 or Yleo _N 0. This result is a 
special case of the more general results which 
concern heat transfer when the Lewis number is 
unity and which were developed by Lees [6]. 

It may also be noted here that the considera- 
tions presented thus far suffice to determine the 

heat transfer if it is assumed that no chemical 
reaction occurs. In this case y1 z Y1, j$ = Yz 
and Y3 za 0. Hence (26), (28) and (29) com- 
pletely define the composition at the wall and 
permit the determination of q for given wall 
temperature and flow conditions. Evidently 

4/B = (1 - gw)l(l - gwl) (32) 

where the subscript i corresponds to the case of 
no chemical reaction; (32) is utilized later in the 
presentation of some of the numerical results. 
Note that q < qz, if gW < gWf < 1, i.e. chemical 
reaction leads to reduction in heat transfer 
provided this inequality is satisfied. 

Energy balance 
If the porous surface is assumed to be cooled 

only by an increase in the enthalpy of the cool- 
ant, then an energy balance yields 

(15)-(21) and (30) permit (33) to be written as 

(A.& - hw) + q = 0. (34) 

Now (31) can be employed to determine gu, as 

gw = (Sgc + 1)(1 + 6-y. (35) 

It is of interest to note that (35) provides another 
auxiliary statement concerning gW which can be 
employed in (31) to yield q independent of the 
chemical behavior. 

Approximate relation for the static temperature 
It will be convenient to employ approxima- 

tions to the static enthalpy-temperature relation 
for the species. For most purposes it is sufficiently 
accurate to let 

ha = A + &(T - Tr) (36) 

where Aa is the enthalpy of species i at the 
temperature Tr and E,,, is an appropriate average 

(11) value of the specific heat of species i. Then 
and (36) yield 

T = Tr 4 {l&(1 -f? +_f’lh,, 

(37) 
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Note that additional flow parameters, g,, 1~ 
and ~312, arise from the energy equation and 
further that gw must be computed as part of the 
solution as discussed in connection with the heat 
transfer. 

Flame zone model-general considerations 
Consider next the determination of the state 

within the boundary layer, and the heat transfer 
when gw is unknown and significant. A model for 
the chemical behavior is required to supple- 
ment the previously described system of equations 
for the element mass fractions. Note that know- 
ledge of one species mass fraction, either Y,, or Y, 
or Ys, completes specification of the state of the 
gas since aside from nitrogen there are three 
species and two element mass fractions. In the 
subsequent analysis, Y, will arbitrarily be 
selected as the species mass fraction to be deter- 
mined. It is therefore convenient to express the 
temperature as 

h, = A, + (2 W,A, - 2 W,A,)/ W, 

bp=A,-bl 

and the mixture molecular weight as 

W-l = 6 (Yal Wdl 
$=I 

= ( YI/Wd + ( E/w,) + ( y4/ W,). w 
There will be now discussed in detail the flame 

zone model: accordingly, it is assumed that there 
exists a critical temperature Tf below which no 
chemical reaction takes place and above which 
the flow is in equilibrium. The actual selection 
of Tf is somewhat arbitrary but can be considered 
in terms of the flow and chemical times charac- 
terizing the system and denoted by 7f and 7c 
respectively. For example, ignition delay times 
in the hydrogen-oxygen-air system under 

consideration (cf. reference [12]) can be em- 
ployed as a measure of the chemical time and Tf 
selected so that rc < r.f. For this chemical 
system it should be noted that the pressure is 
important in determining the validity of the 
ignition delay time as a measure of the chemical 
time. It is known from the results of references 
[13] and [14] that the decay of intermediates 
such as the atomic oxygen and atomic hydrogen, 
created during the period defined by the ignition 
delay, leads to the chemical energy release 
associated with the hydrogen-oxygen reaction. 
This decay corresponds to a third order, re- 
combination process and is therefore pressure 
sensitive. Roughly, the ratio of the overall 
reaction time to the ignition delay is inversely 
proportional to the pressure, being about 10 
for a pressure of 1 atm. Accordingly, equilibrium 
models of chemical behavior for the chemical 
system under discussion will be realistic only for 
pressure on the order of several atmospheres or 
more and for temperatures in frozen flow 
sufficiently high so that the ignition delay time 
is small compared to the characteristic flow time. 

The application of the flame zone model to 
the determination of boundary-layer character- 
istics results in the division of the domain of 
the velocity ratio, f’, into sections wherein 
1i.i s 0 and other sections wherein chemical 
equilibrium prevails. In the latter sections, the 
element mass fractions, the mass fraction of 
nitrogen, and one other species mass fraction, 
e.g. Y,, can be related according to the following 
equations : 

K;; = (p W)-l( W; WI/ W;)( Y;/ Y: Y,, (40) 

-= ((4/p W)( w;/ W,)( F1 - Yi)z) 

{ Y,[ yZ - (2 W,/ W,)( Fl - Yl)12: I. (40a) 

The equilibrium constant K1, is a known function 
of the temperature;* for numerical convenience 
it can be approximated as 

(Job) 

For example, in the temperature range 500 < T 
c 2000”K, with 

* Kp is denoted K*,,,t in reference [15] and is tabulated 
therein. 
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A = 29.950”K 

B = 1.1 138(10-3) atm-1/2 (41) 

the exact function KP = K,(T) is approximated 
within a few per cent. It should,be noted that 
for T ( 20OO”K, Kp B 1 so that in equilibrium 
states $ther Y, or Y, or both are small compared 
to unity. (37), (39), (40a) and (40b) permit the 
state of the gas within the equilibrium sections 
of the domain of the velocity ratio to be deter- 
mined since as discussed previously the element 
mass fractionc y;i = 1, 2 are known in terms of 
J”, 4 and E. 

The boundaries of the domains are determined 
by the following considerations: assume that 
4, 5 are given; let f’ == (f’)f = Uf denote the 
velocity ratio at an edge of a flame zone. At such 
an edge T = Tf and equilibrium prevails; thus 
(37), (39), (40a) and_(40b) with T = Tf and the 
equations yielding Yi, i = 1, 2 and Y, in terms 
of,f’, define Yrf and Ufprovidedg,, is determined; 
clearly, an additional relation is still required 
for the determination of Yrf, Uf and gU,. Note 
that gW can be expressed in terms of TtG, F/, 
i = I, 2, Y4 and Y,; there results 

+ c,, Y,wl -I- b, Y,,, + b, Y,, 

+ A2 L + A, Y.wS 

where 

AT,,, =- T,c - T,.. 

Case (a): Te, Tu, < Tf 
It is most convenient in discussing the further 

details of the flame zone model, i.e. the deter- 
mination of Y1f, Uf, and gW, to consider the 
several cases which are characterized by the 
wall and external temperatures. Shown in Figs. 
2a-c are three such cases;* the first (Fig. 2a) 
corresponds to Te, Tw < Tf. There then arise 
two zones wherein +a E 0, one close to the wall 
and the other near the outer edge. Denote the 
velocity ratio at the inner edge of the reaction 

____~_ ____ 
* Note that a fourth case T,,, T, > T, is trivial with 

respect to the chemical model under consideration since 
it corresponds to equilibrium chemical behavior through- 
out the boundary layer. 

Flame_ _ Flame _ Flame 
rzane zone ~~_ r- 3 zone_ 

f’:U f’?U f’ t u 
Coseta) t, J,< Jr Case(b) J, > Jf , Case (cl T, < Jr, 

Jd Jf T,> Tf 

FIG. 2. Schematic representation of composition 
distributions. 

zone as Uf,, and that at the outer edge as Uf,,. 
In the inner region the Crocco relation holds for 
Y, so that 

Y, = YUL + (Y,,,, - YWW/Uf,,l, 

0 G’f’ < Uf,l (43) 

where Uf,l, Y,, and Y,,, are unknown. The 
additional equation required to define the inner 
layer is found as follows; solve for Y,, from (22) 
and (43) by differentiating (43) with respect to 
7 and by eliminating the derivative (Y:),, in (22); 
there results 

Y,W = K4Wf,,)/(l -c $1 -i- Ylf.11 

+ (1 + Uf,,&‘. (44) 

Now (43), with Y,,: eliminated by substitution 
of (44) provides the requisite equation relating 
Y lf,l, Uf,, and gw. The set of equations defining 
the location of the flame zone are non-linear and 
algebraic-transcendental. An iterative method of 
solution can be emp1oyed.t Note that if only the 
heat transfer is of interest, the calculation is 
completed by the determination of gW. 

The determination of Uf,2 is straightforward 
since gW has been determined from the solution 
of the inner region. The distribution of Y, in 
the outer region is given again by the Crocco 
relation for Y1 in the form 

Y, = [Y,c(f’- Uf,,) + Y,f,,U -j-y 
(1 - Uf,2Y, Uf,, G’f’ d 1 (45) 

____ 
t The calculations are similar to the usual equilibrium 

calculations with auxiliary conditions, as for example, 
those involved in detonation waves satisfying the Chap- 
mandouget condition (cf. reference [15]). 
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where Y1r,z is determined by equilibrium con- 
siderations at the outer edge of the reaction zone. 

Case (b): Te > Tf, Tw < Tf 
For this case there is one zone of frozen flow 

close to the surface as shown in Fig. 2(b). The 
analysis applicable to the inner layer of the 
above case applies here so that the edge of the 
reaction zone occurs at a velocity ratio Uf 
denoted in the previous case as Uf,l. Note that 
specification of equilibrium composition at the 
outer edge, i.e. asf’ --P 1 results in an indetermin- 
ancy (yl-+ Y1+ Yw, & + 0) permitting KP to 
take on the value corresponding to T = Te. 

Case (c): Tw > Tf, TC < Tf 
As shown in Fig. 2(c) this case involves a 

reaction zone adjacent to the wall. The wall 
enthalpy ratio given in this case can be obtained 
by applying the equilibrium condition, (40a) 
withT=Tw,%= F&,i=1,2,andY,=Y,,, 
in order to determine YIW and by subsequently 
evaluating g, from (42). As in Cases (a) and (b) 
the velocity ratio at the edge of the reaction 
zone, denoted again by Uf, can be obtained from 
the equilibrium conditions. In the outer portion 
of the domain of the velocity ratio the mass 
fraction Y1 satisfies a Crocco relation of the 
form given by (44) with Uf,, replaced by Uf. 

Relation to flame sheet model and a simplifving 
approximation 

In some cases the analysis of the flame zone 
model discussed above is simplified by the afore- 
mentioned observation that for values of Tf on 
the order of lOOO”K, the equilibrium constant 
is large, implying Y, or Y, or both small. Thus 
in some cases it is possible to let either Y1r 21 0 or 
Yti si 0 and thereby to obtain simply an approxi- 
mate solution for the composition in terms of the 
velocity ratio f’. Furthermore, this approxima- 
tion effectively reduces the flame zone model to 
the flame sheet model under certain circum- 
stances. The fact that this reduction is not gener- 
ally possible implies an essential difference 
between the two models of chemical behavior. 

As an example of the approximation consider 
a case corresponding to Fig. 2(a) with the 
injected gas a rich mixture of hydrogen and 
oxygen (9 < 8). Now at the inner edge of the 

reaction zone it would be expected on physical 
grounds that Y,f,, N 0. Then (37) with T = Tf, 
(42) and (44) with Yu,~ = 0 are three equations 
yielding Uf,l, gw and YIW. At the outer edge of 
the reaction zone it would be expected that 
Yzf,z 21 0 and thus from (7) and (8) that 

[c - (2w,lw,)(~1 - Yh = 0. (46) 

(46) along with (12), (13), (26) and (28) and (37) 
with T = Tf and with gW determined from the 
calculation of the inner edge are two equations 
giving Uf,, and Yrf,,. In this case the approxima- 
tion to the equilibrium condition only simplifies 
the analysis without altering the character of the 
composition distributions in terms off’. How- 
ever, if in Case (a) 4 > 8, i.e. a lean mixture 
of hydrogen and oxygen is injected, then 
equilibrium at the inner edge of the reaction 
zone implies Yaf,l N 0; but then the reaction zone 
effectively vanishes and the flame zone reduces 
to a sheet. Moreover, Case (b) with $ > 8 by 
the same reasoning reduces to a flame sheet and 
is thus identical with Case (a) for the same values 
of 4. Finally in Case (c) with + > 8, Yz,f 21 0 
although a zone of reaction would prevail.* 

It should be noted that the approximation 
relative to the mass fractions at the edge of the 
flame zone precludes consideration of rates of 
injection so low that oxygen from the free stream 
diffuses to the wall. The critical values of E 
corresponding to the lowest value of the injec- 
tion may be determined as follows: elimination 
of Y, between (7) and (8) yields 

Y, = & - (2W,/W,)( & - Y,). (47) 

Hence, for Y,f,l = 0 

Y Zf,l 2f,l = - (2w,lw,) Ef,*. (48) 

Utilizing (12) and (13) gives 

Y2f.l =(I - em2w-(2~2wl%Jl 

- (2~2l~Wf,,Yw. (49) 

Evidently, to fulfill the physical requirement that 
Y af,l > 0 it follows from (49) that the inequality 

&tu - (2 WJ WI) ?& > 0 (50) 

l Note that from the point of view taken here there si 
no di&ulty associated with 4 > 8. The flame sheet 
model fails for this case (cf. reference [8]). 
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must be satisfied. Using (26) and (28) in (50) Table 1. Flow parameters nsed in the numerical calculations 

leads to the reauirement 

F3 - Ml + d~llt 3 Ke 
so that the range of values of E for which the 
assumption Y,f,, N 0 holds is 

(51) 

It is further required that 4 < 8. It is interesting 
to note that these inequalities are precisely the 
conditions which must be satisfied for physically 
meaningful solutions according to the flame sheet 
analysis as discussed by Eschenroeder [8]. How- 
ever, the flame zone model applied without the 
aforementioned approximation Y,J z 0 pro- 
vides continuous behavior as 5 --f 0. 

Finally, it should be noted that the approxima- 
tion being discussed effectively eliminates the 
pressure from the determination of the location 
of the flame zone. The pressure would, however, 
influence the composition within the flame zone 
in the region where both the oxygen and hydro- 
gen are present in small amounts. Of course, 
the previous discussion regarding the role of the 
pressure in determining the validity of the model 
for the hydrogen-oxygen-air system must not 
be overlooked. Note that there is no pressure 
dependence in the flame sheet model. 

NUMERICAL EXAMPLES 

To indicate some of the features of the flame 
zone model discussed above and to compare its 
predictions with other models of chemical 
behavior, several numerical examples have been 
carried out. These have involved several sets 
of external flow conditions, two corresponding 
to conditions in a typical hypersonic wind tunnel 
and the others to typical conditions in hyper- 
sonic flight. The flow and wall conditions 
assumed are listed in Table 1; the values of the 
thermodynamic parameters employed are given 
in Table 2. The pressure was arbitrarily taken 
to be 1 atm although somewhat higher pressures 
may be required for the validity of the model. 
At 1 atm a temperature of 1100°K leads to an 
ignition delay on the order of 10 t* and an overall 
reaction time of 300 p. Thus for flow times on the 
order of several milliseconds, an ignition tempera- 

Me ks, T, Tw 
(approx) (cal/gm) (degK) (degK) (a:‘;$) 

Hypersonic 10.2 4444 1300 1200 1 
flight 11.8 900 900 
conditions 600 

Wind tunnel 2.4 750 1300 1200 1 
conditions 3.8 900 900 

600 

Table 2. Thermodynanlic parameters used in the 
numerical calculations 

Parameter1 

’ T 7 2000°K 
Tf ~ 1100°K 
G,, 1 0.283 Cal/g degK 
5, 1 410 Cal/g degK 
Gp, ’ 

1 
0656 Cal/g degK 

$& 0.303 Cal/g degK 

A: ~ 
442 Cal/g 
6324 Cal/g 

A, - 2250 cal/g 
J, ’ 479 Cal/g 
a, 0.05854 Cal/g degK 
4 ~ 0.2249 Cal/g degK 
b, 
b2 i 

3766 Cal/g 
- 3324 Cal/g 

ture of 1100°K is reasonable and has been used 
for the numerical analysis herein. The wall 
external stream temperatures have been chosen 
so that the various cases shown in Fig. 2 occur. 

The calculations include the determination of 
the heat transfer rates at the porous surface, as 
well as the concentration and temperature 
profiles within the boundary layer. The numerical 
analysis was carried out on the Bendix G-15 
computer at the PIBAL and as mentioned 
previously, involved at most the solution of 
simultaneous algebraic equations. For all except 
the lowest values of 5 the approximation relative 
to the vanishing of either oxygen or hydrogen 
at the edges of the flame zone was employed. 
For the region of chemical equilibrium a trial 
and error procedure to obtain solutions was 
used for the determination of the composition 
and temperature. Except in regions where both 
the hydrogen and oxygen were present in small 
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amounts, the procedure converged rapidly ; in 
these particular regions special care had to be 
exercised to assure convergence. 

Results of heat transfer 
The heat-transfer data are presented in Figs. 

3-8. In the calculations presented in these 
figures the influence of the external temperature 
T, was found to be negligible: therefore the 
results are applicable to all values of T, em- 

FIG. 3. Variation of heat-transfer ratio q/q0 with 
injection parameter f& wall temperature Z,, and 
coolant composition +-wind tunnel conditions. 

FIG. 4. Variation of heat-transfer ratio q/q0 with 
injection parameter & wall temperature T,, and 

coolant composition &--flight conditions. 

ployed herein. In Figs. 3 and 4 the variation of 
the heat flux rate q with -fiU is compared to that 
occurring on an impermeable wall under identical 
flow conditions. This ratio, denoted by q/qo, 
may be obtained from (31) and the definition of 
qo. There results 

Y_ CJ 1 - g&l 

40 Cf" 1 - gzo,o (521 

where cf,, and gzO,o denote the skin friction co- 
efficient and total enthalpy ratio at a solid wall 
(zero injection). For a given wall temperature. 
g,,,, is easily computed, i.e. from (42) with 
Ylw = Yle, and cf/cf,, is a known function of 
-fW (cf. Fig. 1). Hence, calculation of gU, yields 
the corresponding value of q/qo. 

The results in Figs. 3 and 4 indicate that cool- 
ing of the surface may be achieved in all cases 
for sufficiently high rates of injection. Thus the 
increase in the heat fluxes associated with 
combustion and with the resultant formation of 
water within the boundary layer is more than 
balanced by the reduction due to the mass 
transfer. For low rates of injection under wind 
tunnel conditions, heat transfer considerably 
greater than that associated with an impermeable 
surface can occur. The effectiveness of the cool- 
ant is decreased significantly by the injection of 
hydrogen-oxygen mixtures rather than pure 
hydrogen. This result is primarily a consequence 
of the relatively high molecular weight of the 
oxygen-hydrogen mixture, although the increase 
in the production of water and the correspond- 
ingly higher energy release also contribute to 
the degradation of cooling effectiveness. The 
dependence of the heat transfer on wall tempera- 
ture is greatly reduced by both an increase in 
free stream Mach number as shown by Lees [63 
and others and by the addition of oxygen to the 
coolant. 

The existence of negative values of q/q0 
shown in Fig. 3 is of interest and is due to the 
low energy of the external flow corresponding to 
wind tunnel conditions. The conductive heat 
transfer in the range of 6 giving q/q0 < 0 is 
positive but is dominated by negative energy 
transfer due to diffusion of hydrogen from the 
wall. The values of gW, again in this range of t, 
are greater than unity for sufficiently high wall 
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temperatures. Injection of even a small amount 
of oxygen with the coolant (#J N 1) causes an 
increase in the heating potential to which the 
wall is exposed; the wall enthalpy is reduced 
considerably and, in fact, can become negative. 
This behavior is illustrated by the marked shift 
of the curve of q/q0 from the negative region for 
+ = 0, to positive values for #J = 1. Under 
hypersonic flight conditions this behavior does 
not appear (cf. Fig. 4) since, for high Mach 
numbers (and hence high values of hse), gW is 
always less than unity. 

As mentioned previously at the low rates of 
injection the assumption that Y1 vanishes at the 
inner edge of the flame zone becomes progres- 
sively less tenable. In particular, for 5 equal to 
the value defined by (51) or less, the assumption 
is not valid and must be replaced by the exact 
condition of equilibrium at the edges of the 
flame zone. The calculations then yield the 
results shown in Figs. 3 and 4 in the neighbor- 
hood of e = 0; the ratio q/q0 + 1, and the 
concentration profiles approach the uniform 
distribution Y1 = Yle, Y4 = Yde, YZ = Y3 = 0. 
The values of q/q0 as obtained by either the 
exact equilibrium considerations or by using the 
approximation Y1f,l = 0 are numerically identi- 
cal when computed for the injection parameter 
equal to the limiting value defined by (51). 

In Fig. 5 the heat-transfer results are com- 
pared with that corresponding to the injection 
of inert gas with the same molecular weight. 

FIG. 5. Ratio of heat transfers to wall with and with- 
out combustion (q/qi) as a function of injection 
parameter PC and coolant composition +-flight 

conditions 

As may be expected the cooling effect is dimin- 
ished in all cases by the chemical reaction. 

Fig. 6 shows a comparison of the results 
obtained for one case, using the present flame 
zone model with that obtained with a flame sheet 
model, as by Eschenroeder [B]. As can be seen 
therein, the flame zone model predicts some- 
what higher values of the heat transfer for 
injection rates of practical interest although the 
predictions of the two models are in close agree- 
ment. 

T,=GCIO”K -. 
+ =I 

-----Flame zane 
(present analysis) , 

- fw 

FIG. 6. Comparison of predictions of the flame sheet 
and flame zone models for heat-transfer ratio (q/q& 

flight conditions. 

Coolant temperatures for an energy balance 
In Figs. 7 and 8 are shown the values of 

coolant temperature Tc required in order to 
maintain in the exposed surface at a prescribed 
temperature, T,, with a given injection rate. 
This value of Te is determined by solving for 
g, from (35). Then Te can be evaluated for a 
particular coolant composition (i.e. prescribed 
value of +). The points at which the curves 
intersect the abscissa in Figs. 7 and 8 correspond 
to the minimum values of the injection rate 
necessary to maintain the assigned wall tempera- 
ture T,. (Evidently this minimum cannot be 
realized in practice since the coolant gases 
would have to be at absolute zero temperature.) 
As can be seen from these figures, the addition 
of even a small amount of oxygen to the mixture 
greatly increases the rate at which the coolant 
must be injected. This is further confirmation 01 
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the effectiveness of pure hydrogen as a coolant. 
Furthermore, it can be shown that regardless of 
the value of 4, if the coolant rate corresponds 
to blowoff, the required value of Tc approaches 
Tu.* This is indicated by the broken lines joining 
the ends of the solid curves to the points Tc = Tw 
at the blowoff value of -fW. It was not possible 
to perform the actual computations in this 
limiting region because of the singular behavior 

1200. _zq, 
--- + =O 

,/- -_1 

1000. ,/’ I 
I / 

800 / *I- 
,/” 

20(3 

I 

70 

FIG. 7. Variation of coolant temperature T, with 
injection parameter fw and coolant composition &- 

wind tunnel conditions. 

-fw 

FIG. 8. Variation of coolant temperature T, with 
injection parameter fw and coolant composition 

$-flight conditions. 

* The details of the proof thereof are given in Appendix 
A. 

of the parameter 6 which appears explicitly in 
the analysis. 

Temperature profiles 
The effects of injection rate, of coolant 

composition, and of external and wall tempera- 
tures on the temperature distributions in the 
boundary layer in terms of 7 are shown in Figs. 
9-13. The calculations of these profiles have been 

T/Te -temperature ratio 

FIG. 9. Effect of injection parameter 5 on tempera- 
ture profile-Case (a). 

T/Te - temperature ratio 

FIG. 10. Effect of injection parameter 5 on tern- 
perature profile-Case (a). 
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carried out only for the case of Gght conditions 
involving combinations of external and wall 
temperatures shown in Fig. 2. 

These figures indicate the following; the 
maximum temperature is not greatly affected by 
the rate of injection, by the injection of a small 
amount of oxygen along with the hydrogen 
(#J = I), or by the external and wall tempera- 
tures. The value of 9 at the point of maximum 

yi. ----- -~ 

I 

;‘~_..-.. : 

a, 7-e=l3OO”K 1 

FIG. 

T/ Te - temperature ratio 

Effect of injection parameter P 
perature &ofile-kase (b). - 

011 tem- 

7_____-_- 
T-l- --7 
G=900*K / 

T/Te -temperature ratio 

FKS. 12. Effect of injection parameter f on tempera- 
ture profik--Case (c). 

T/ 7-e - temperature ratio 

FIG. 13. Effect of wall temperature Tw on temperature 
pro~e-~~t conditions. 

tem~rature is increased by an increase in the 
rate of injection.* The inner edge of the flame 
zone in Case (a) and the edge in Cases (b) and 
(c) move further from the wall as the rate of 
injection increases. In Case (a) the inclusion of 
oxygen in the coolant moves the edge of the 
flame zone closer to the wall. 

Concentration projiles 
In Figs. 14-16 there are presented the con- 

centration proi3les for flight conditions and for 
various rates of injection and various wall 
temperatures. From these figures the following 
will be noted: for Case (a) with 4 = 1, the 
concentrations of oxygen and hydrogen at the 
surface increase with the rate of injection while 
the concentration of nitrogen decreases and that 
of water remains unchanged. In this same case 
there exists within the flame zone a region with 
negligible oxygen present; thus there are two 
separate regions with oxygen present. In Case 
(c), on the contrary, the concentrations of water 
and nitrogen at the surface decrease with in- 
creasing rates of injection and oxygen appears 
only near the outer edge of the flame zone. When 
the wall temperature is increased above the 

* In the physical (x,y) plane these points would tend 
to be closer. 
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B -Transformed normal co-brdinote 

I%. 14. Effect of injection parameter <on concentra- 
tion profiles-Case (a)-flight conditions. 

; Extent of flame zone &=5 - 
1.0; --- i -/ 

@i3-=‘+ 1 

“/2[c’;) 1 .I 1 
1 

lf$=s) 

‘2, h, \ ‘=, KqiN2) 
Tfzv‘= 2) 

-7 
? -Transformed normal co-ordinate 

FIG. 1.5. Effect of injection parameter .$ on concentra- 
tion profiles-Case (c)-flight conditions. 

r/-Transformed normal co-ordinate 

Frc. 16. Effect of wail tern~~tnre TW on concentra- 
tion profiles-flight conditions. 

critical temperature, Tf, the oxygen at the sur- 
face effectively vanishes even if oxygen is 
injected in the coolant. 

C~rn~~~ison of profiles with other models 
In Figs. 17 and 18 a comparison of the 

temperature and concentration profiles as 
predicted by the flame sheet and flame zone 
models for combustion is presented. This com- 
parison reveals that the two models differ signi- 
ficantly in the prediction of the detailed structure 
of the boundary layer. The difference in the wall 

i 
06 1.. I 2 3 4. 

T/Te - t’emperature ratio 

FIG. 17. Comparison of predictions of the flame 
sheet and flame zone models fcr the temperature 

profile--Case (a). 

V-Transformed normal co -ordinate 

FIG. 18. Comparison of predictions of the flame 
sheet and flame zone models for the concentration 

profiles-Case {a). 
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concentrations and temperature gradient are 
particularly evident. Tn the latter instance, the 
flame zone model predicts a higher value which 
corresponds to an increase in the conductive 
heat transfer to the wall. This is partially 
balanced by a decrease in heat flux to the wall 
by diffusion as revealed by closer inspection of 
the concentration gradients at the wall. The net 
result is a slight increase in the total heat transfer 
to the wall, q, defined by (30) over the value ob- 
tained by the flame sheet analysis. This is shown 
in Fig. 6. 

It is interesting to note that despite the con- 
siderable differences predicted by the two models 
in the detailed structure of the boundary layer, 
a gross effect such as the heat transfer q remains 
essentially unaffected. 

The results obtained by use of the flame zone 
model have not been compared with the model 
proposed by Cohen [3] since for the conditions 
used in the present calculations the static 
temperatures within the boundary are too low 
for the concept of a dissociation temperature to 
be applicable. 

CONCLUDING REMARKS 

In this report a model for combustion within 
a boundary layer has been described and applied 
to the case of hydrogen or hydrogen-oxygen 
mixtures injected through a porous surface. 
The model which is termed the flame zone 
model utilizes the concept of a critical tempera- 
ture to define regions of frozen flow, i.e. no 
reaction and regions of chemical equilibrium. 
The latter regions correspond to the flame zones. 

The analysis corresponding to this model has 
been carried out for laminar flows of the similar 
type with the usual simplifying assumptions with 
respect to transport and thermodynamic proper- 
ties, i.e. Prandtl and Lewis numbers equal to 
unity and the pp product equal to constant. 
The hydrogen-oxygen-air system has been 
considered with nitrogen treated as an inert 
diluent. 

Numerical examples indicative of wind tunnel 
and flight conditions were carried out to examine 
the features of hydrogen burning within the 
boundary layer according to the proposed model. 
The heat transfer to the porous surface is con- 
sidered in detail. There are shown typical 

temperature and concentration profiles indica- 
ting the effects of coolant composition, surface 
temperature, free stream Mach number and free 
stream stagnation temperature. The distinctions 
between the proposed flame zone and the usually 
treated flame sheet model of chemical reaction 
are emphasized. 
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APPENDIX A 
(A-3) 

The energy balance at blowofS 
It is of interest to consider the dependence of 

the coolant temperature corresponding to an 
energy balance on the injection r&e as the blow- 
off rate is approached. 

Referring to (18) it follows that (A-1 )-(A-4) 
imply 

Y,,,. : -: Y,,. 

Y,,,. = lie (A-5) 

Y,,, = Y&’ = 0 

Consider (52); at blowoff cf/cf,, --- 0, so that 
q/q0 + 0. Hence, from (34), h,. -- kc. Further- 
more, as -fw approaches the blowoff value from 
(27) it may be seen that ,$ - co. Taking the 
limit as 5 + KI in (26). (281, (29). and (44) 
yields 

so that the composition at the wall is identical 
to that in the coolant chamber; hence, TC - T,,, 
for -fw approaching the blowoff value. 

RBsumB-On propose un mod&le de r&action chimique dans une couche limite laminaire base sur la 
conception d’une temperature critique skparant les rCgions de l’ecoulement gelC et de 1’8coulement en 
Cquilibre. Le modele, qui rappelle celui de la zone de flamme, est applique g l’injection, & travers une 
surface poreuse, dam une couche limite laminaire de mklanges H-O, les conditions exterieures dans 
l’air &ant uniformes. On montre que le modMe est moins restrictif que le modble de flamme frkquem- 
ment utilisC, auquel il se reduit dans des cas particuliers en f&ant une approximation simplificatrice 
en ce qui concerne la condition d’bquilibre. On prksente les rksultats de plusieurs exemples numC- 

riques relatifs & une soufflerie hypersonique et aux conditions de vol hypersonique. 

Zusammenfassung-Fi.ir chemische Reaktionen in der Grenzschicht wird ein Model1 vorgeschlagen, 
das eine kritische Temperatur als Unterscheidungsmerkmal zwischen den Bereichen der eingefrorenen 
und der Gleichgewichtsstriimung definiert. Das Model1 wird Flammzonenmodell genannt. Das 
Einblasen von Wasserstoff-Sauerstoff-Gemischen in Luft durch eine poriise Oberf%che in die laminare 
Grenzschicht mit gleichmPssigen Busseren Bedingungen wird damit erlgutert. Es zeigt sich, dass dieses 
Model1 weniger Einschr&nkungen erfordert als das hlufig verwendete Flammenstreifenmodell; auf 
letzteres ist es in Sonderf%llei und mit einer vereinfachenden Annahme iiber die Gleichgewichts- 
bedingung zuriickfiihrbar. Die Ergebnisse verschiedener Beispiele, die hypersonischen Windkanal- 

und Flugbedingungen entsprechen, sind angegeben. 

AHHoTaseH--npennoHEeHa MO~~:IL xIIfi1HyecIloii peaKuHn B naMaHapKoM norpaan~HoM caoe, 
KcnonbsyIomarr Kpa~nsecKyro TeMnepaTypy ~~IFI pa3rpaHHqeBan 3aMopoXEeHHOI.O I4 
paBHOBeCHOr0 nOTOKa. 3Ta MOAeJIb Ha3bIBaeTCFI MOfiGIbIO 30HLI IIJIBMeHH II IIpIfMeHFIWCR 
H IIPO~WCJ BAyBa BO~OPO~HO-KPWIOpO~HbIX CMeCeti Wpe3 IIOpHCTylO IIOBepXHOCTb B 

JIaMHHapHbIfi ItOrpaHHYHLIti CJIOfi BO3AJ'Xa npllOAHOPOAHblXBHeUIH~XYCJIOBLIRX. nOKia3aH0, 

'ITO 3Ta nfoaem MeHee orpaHMseHa, 9eM 06bPiHafl nO@JIb CJIOII IIJIaMeHI?, npI4MeHHMaH B 
YaCTHbIX CJIyYaHX C HCnOJIb3OBaHHeM ynpOmaIOII~‘3rO nOnyII@HIIfI PaBHOBeCHbIX yCJlOBn#. 
T~PHBO~RTCR 9HcneIIHbIe npAMepbI AnH yc~I0~14t cBepx3ByI~oBoti a3ponaHanrIrqecKoi4 Tpy6u 

II CBepX3ByKOBOrO IIO.neTa. 


