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Abstract—There is suggested a model for chemical reaction within a boundary layer based on the
concept of a critical temperature to distinguish between regions of frozen and equilibrium flow. The
model, which is termed the flame zone model, is applied to the injection of hydrogen-oxygen mixtures
through a porous surface into a laminar boundary layer with uniform external conditions in air. It
is shown that the model is less restrictive than the frequently applied flame sheet model to which it
reduces in special cases and with a simplifying approximation concerning the equilibrium condition.
The results of several numerical examples corresponding to hypersonic wind tunnel and to hypersonic
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flight conditions are presented.

NOMENCLATURE

constants in expression for tem-
perature variation of Kj; see
equation (41);
constantsinenthalpy-temperature
relation; see equation (38) and
Table 2;

specific heat of mixture;

specific heat of ith species;

skin friction coefficient based on
free stream conditions;

diffusion coefficient of ith species;
Blasius function; see equation
(1);

total enthalpy ratio, As/hs,;
enthalpy of mixture;

enthalpy of ith species;

total enthalpy of mixture;
thermal conductivity of mixture;
equilibrium constant based on
partial pressure;

Lewis number of ith species,
pDioju;
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m,

exponent in equation (5), m =0
for planar flows, m =1 for
axisymmetric flow;

Mach number;

heat flux; see equations (30) and

(31);

radial distance from axis of
symmetry;

transformed  tangential  co-

ordinate; see equation (6);
absolute temperature;
reference temperature; see Table
2;
ignition temperature; see Table 2;
recombination temperature:
dissociation temperature;
tangential velocity component;
non-dimensional velocity,

ufue =f7;
normal velocity component;
absolute velocity of ith species;
diffusion velocity of ith species;
molecular weight of mixture;
molecular weight of ith species;
rate of production of ith species;
tangential co-ordinate;
normal co-ordinate;
mass fraction of ith element;



Yi. mass fraction of ith species:

4. enthalpy of ith species at T == T :
see equation (36) and Table 2;

7, normal distance parameter; see
equation (5);

s absolute viscosity of mixture:

£, injection parameter; see equation
(27);

P density of mixture;

pis partial density of ith species:

o, Prandtl number, uép/k:

T Te characteristic flow and chemical
times:

b, parameter defining coolant com-

position ; see equation (18).

Subscripts
¢, conditions in coolant chamber:
e, conditions at edge of boundary
layer:
I conditions at edges of flame zone ;
i, conditions .corresponding to in-
jection of inert gas:
0. conditions corresponding to zero
injection;

w, conditions at wall or body sur-
face.
INTRODUCTION

THERE has recently been an increasing interest in
laminar boundary layers with chemical reaction
as indicated by the appearance since 1958 of
references [1-9] in the aeronautical literature.
These studies have involved either simple
chemical systems or limiting chemical behavior
and simplified transport and thermodynamic
properties. These simplifications are necessitated
by the complexity of the boundary layer equa-
tions with realistic chemical, transport and
thermodynamic descriptions. The simplification
with respect to the chemical behavior is the
most restrictive in that major features of practical
interest are thereby obscured whereas assump-
tions with respect to transport and thermo-
dynamic properties are expected to lead only to
quantitative inaccuracies. Despite this limitation
it is common to idealize chemical behavior in
order to establish some features of boundary
layers with chemical reaction. The actual
applicability of these models depends on the
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model itself, the chemical system considered.
and the flow conditions involved, c.g. the
pressures, temperatures. velocities, and lengths,

The flame sheet model of chemical reaction
has been considered by several authors (cf.
references [3-9]). In this model chemical
reaction is confined to one or more discontinuity
surfaces which are located within the boundary
layer by requirements on the composition and/or
temperature at the sheet. Thus the flow is
cffectively frozen except at the flame sheets.
This model has been used to predict the influence
of chemical reaction on heat transfer and the
location of reaction zones within a boundarv
fayer.

It is the purpose of this report to suggest a
model which is different from the flame shect
model but whose applicability in actual flows
involves the same questions as does the flame
sheet model. It is based on an idealization of
chemical kinetic behavior in terms of a critical
temperature T such that for T -2 T, no chemical
reaction occurs while for 7 - 7, equilibrium
composition prevails.* It will be seen below that
in general this idealization leads to reaction
zones within the boundary layer rather than re-
action surfaces and has therefore been termed a
flame zone model.

As an example of its application consider the
flow over a constant pressure, porous surface
through which a fuel is injected into a stream
involving an oxidizer. Assume that both 7’ and
T, are less than T';; assume further that chemical
reaction occurs so that within the layer 7 > Ty.*
Then there will exist a zone which is bounded
on its two edges by surfaces corresponding to

* This idealization may be considered a combination
of the ignition temperature concept employed in laminar
flame theory plus an infinite reaction rate.

t As an extension of the utility of the suggested model,
it could be assumed that if 7 < T throughout the bound-
ary layer in the case of completely frozen flow, then such
a solution is a physically realistic one. However, if in
that same flow, T > T, somewhere, then the assumption
of a frozen flow is untenable. The only remaining, simple
alternative is an equilibrium type of behavior possibly
idealized as per the flame sheet or flame zone models.
Non-equilibrium behavior is not considered a simple
alternative although it is clearly the most realistic. There
will be presented below a discussion of the role of pressure
in determining the validity of equilibrium solutions for
the hydrogen-oxygen-air system considered herein.
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T = Ty and which involves internally chemical
equilibrium.

The details of the analysis and features of this
model will be demonstrated by application to
the injection of hydrogen and hydrogen—oxygen
mixtures into a laminar boundary layer through
a porous surface. Some attention has been
devoted to the use of hydrogen as a coolant in
porous cooling since it has long been recognized
that the cooling effectiveness per unit weight of
coolant is greatly increased if the molecular
weight thereof is reduced. Thus Hartnett and
Eckert [5] considered an incompressible bound-
ary layer with hydrogen reaction and a flame
sheet model for chemical reaction. Cohen et al.
[3] considered, as one of several examples,
hydrogen injection with a chemical model based
on the specification of two temperatures: one
for dissociation. Tais, and one for recombination
Tree With Tais = Tree. For T > Tgis water was
assumed to vanish; for 7" << Trec either oxygen
or hydrogen was assumed to vanish. Finally,
Eckert er al. [10] and Hayday [7] considered
hydrogen injection without chemical re-
action.

It will be of interest to compare the boundary
layer properties resulting from the proposed
flame zone model for chemical reaction with
those obtained from other chemical models and
from hydrogen injection without reaction. It
will be shown that the models are distinct; for
example, the flame zone model is not limited in
the injection rate and leanness of the oxygen-
hydrogen mixtures used for cooling. In addition
it displays a pressure dependence not found in
the other model.

The detailed analysis of the flame zone model
is discussed first in terms of the dependence of
the gas properties within the layer on the velocity
ratio ufu. = U; on the skin friction—-mass
transfer parameter, ¢; and on the ratio, ¢,
defining the composition of the hydrogen-
oxygen mixture used as the coolant. The basic
assumptions permitting this treatment are
reviewed briefly. Then there are discussed heat
transfer and boundary layer properties which
result from application of the flame zone model
to a laminar boundary layer. In a following
section the results of numerical analysis for
several free stream, wall and coolant conditions
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are presented and compared to the predictions
of other models for chemical behavior.

ANALYSIS

The system considered corresponds to the
injection through a porous surface of either
hydrogen or a mixture of hydrogen and oxygen
into a laminar boundary layer. The external
flow is assumed to be uniform and to be air.
The chemical species are taken to be oxygen,
hydrogen, water in gaseous form and nitrogen.
The subscripts 1-4 are employed respectively to
denote these species. Note that nitrogen is
treated here as an inert dilutant.*

Basic equations

For simplicity the distribution of injection
and the transport properties will be assumed to
be such that the flow is similar; thus

() o=Le =1
(i) C = (pp)/pepre =1
(i) (p)o ~ X1,

With these assumptions the describing equations
(cf. reference [2]) are

F g =0 0
8+ /=0 @)
Voo +f¥% =0, i=12 (3)
Yy -+ fY =0 ®
where
() =d/dn, 7= pauerm™25)72 [} (p/pe) dy

(5)
§ = pepette [ 1™ dx ©

and where
Y, =Y, + (W Y3[2Wy) )
725 Y+ (Wo Y5/ W) ®)

are the element mass fractions of oxygen and
hydrogen respectively. Within the assumptions

* The analysis presented in the first several subsections
of this section is a direct application to the hydrogen-
oxygen—air system of previous analyses, e.g. those in
references [2] and [6].
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of similarity, these equations are independent of
the chemical kinetics, i.e. they apply for frozen,
non-equilibrium and equilibrium flows. The
boundary conditions for these equations are:

atn =0,  f=fu =0 |
8§ = 8w
N ©
Yz“—‘?iw: Z‘=1a2 ‘[>
Yy = Yoo |

at n — o0, ff=g=1 7]
Y= T L(IO)
¥,=0 |
Y4~— Y4e- J

The generalized Crocco relations

Comparison of the differential equations and
boundary conditions leads to the generalized
Crocco relations; namely

g=gul —f)+f (11)
¥, = Pl — f) -+ Yief” (12)
Yo = Yol — 1) (13)
Y= Yull — )+ Yof " (14)

Use of the mass balance at the wall

The quantities ¥y, and Y, are determined by
requirements on the mass balance at the wall.
It is first recognized that for steady flow there is
no net flux of water and nitrogen into the wall;
therefore,

Ugw = Vg =0 (15)
and

(16)

Now conservation of mass between a plane in
the coolant chamber where 9/oy -0 and the
exposed surface of the porous plate requires

(Yiv1 -+ Yooduw = Uy

(p)e = (pyUw

(pst)e = (pato)w amn
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and
(ty)e = (La)e = 1e
so that if
(/Y =[(1 — YD)/ Yol =4, (18)
then
(Yivpe = $(Yovplu 19)

Note that ¢ = W,/2W, = 8 corresponds to a
stoichiometric mixture of hydrogen and oxygen
in the coolant chamber.,

It is now convenient to recognize that the
diffusional velocities at the wall Vi, can be
expressed as

Vi = — [Uw/( —fu)]( Yo Y 20

Use of (15), (16), (19) and (20) with i =1 to 4
plus the relations

t=r-+V; (21
permits the following equations to be
established :

Y = (— fu){Yre — [$/(0 + H)I}  (22)
Yow = (— fu){ Yo — (/1 4+ HI}  (23)
Y =(—f u) Yyr (24)
Y = (— fw) Y g (25)

(7) and (12) are differentiated with respect to 7
and the results are evaluated at % = 0; then if
(22) and (24) are employed to eliminate Y7,
i == 1. 3, there results

Vo == {¥ye -+ [$/(1 = RO+ 67 (26)
where
€= (—follf v = Apv)ul pettecs.  (27)
Similarly,
Yo = [E/(1 4 HI0 + O (28)

Also (14) is differentiated with respect to #; the
result is evaluated at » = 0 and combined with
(25) to yield

Yo = Yyl 4 671, (29)

Thus (26), (28) and (29) combined with (12)-
(14) permit the element mass fractions to be
expressed in terms of f/, ¢ and £ once Y,. and



CHEMICAL REACTION IN A LAMINAR BOUNDARY LAYER

Y4 are specified. However, the corresponding
composition in terms of the mass fractions ¥;
is still undetermined in terms of these same
parameters.

It will be convenient for further analysis to
have the values "y, for various values of —fs.
These can be obtained from the tabulation of
Emmons and Leigh [11]; the results in terms of
the variables employed herein are shown in
Fig. 1.

N =0
\ fllo) =1, £(0)=0

'
'

FiG. 1. Ratio of friction coefficient with injection to
that on solid wall as function of injection rate.

Heat transfer at the wall

It is of interest to consider the heat transfer
at the wall to ascertain what can be determined
prior to specification of the model for the
chemical reaction. Define the heat transfer

g = [ulhslylw = [(p0)whs)(— fu)18w-
Now from (11) and (27) it is easily seen that

q = pettehs (c7/2)(1 ~ gu). 31

Furthermore, the skin-friction coefficient ¢y is a
function of Reynolds number and of (— fy);
thus, if there can be made some auxiliary state-
ment leading to the determination of g, then
q can be found independent of the chemical
model. Such statements can be, for example,
either |gw| €1 or Y;» ~ 0. This result is a
special case of the more general results which
concern heat transfer when the Lewis number is
unity and which were developed by Lees [6].

It may also be noted here that the considera-
tions presented thus far suffice to determine the

(30)
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heat transfer if it is assumed that no chemical
reaction occurs. In this case ¥, = Y, ¥, = ¥,
and Y; =0. Hence (26), (28) and (29) com-
pletely define the composition at the wall and
permit the determination of g for given wall
temperature and flow conditions. Evidently

g/q = (1 — gw)/(1 — gur) (32

where the subscript i corresponds to the case of
no chemical reaction; (32) is utilized later in the
presentation of some of the numerical results.
Note that g < qu, if gw < guwt << 1, i.e. chemical
reaction leads to reduction in heat transfer
provided this inequality is satisfied.

Energy balance

If the porous surface is assumed to be cooled
only by an increase in the enthalpy of the cool-
ant, then an energy balance yields

2 4 aT
(3 pewite)e — (3 proho + (k a_) —0. (33)
=1 §=1 Y Jw

(15)~(21) and (30) permit (33) to be written as
(p)ulbe — hw) + g = 0. (34)

Now (31) can be employed to determine gy, as
gw = (g + (1 4 7 (35)

It is of interest to note that (35) provides another
auxiliary statement concerning g, which can be
employed in (31) to yield ¢ independent of the
chemical behavior.

Approximate relation for the static temperature

It will be convenient to employ approxima-
tions to the static enthalpy~-temperature relation
for the species. For most purposes it is sufficiently
accurate to let

hi = Ai + ép‘(T —_ Tr) (36)

where 4; is the enthalpy of species i at the
temperature Ty and &p, is an appropriate average
value of the specific heat of species 7. Then (11)
and (36) yield

T =T+ (lgull —f) + Vs
— é‘,lYiAi — (u?[2)f 2} (g}nép‘)-—l. (37)
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Note that additional flow parameters, gw, /s,
and u*/2, arise from the energy equation and
further that g, must be computed as part of the
solution as discussed in connection with the heat
transfer.

Flame zone model—general considerations

Consider next the determination of the state
within the boundary layer, and the heat transfer
when gy, is unknown and significant. A model for
the chemical behavior is required to supple-
ment the previously described system of equations
for the element mass fractions. Note that know-
ledge of one species mass fraction, either Y;, or ¥,
or Y, completes specification of the state of the
gas since aside from nitrogen there are three
species and two element mass fractions. In the
subsequent analysis, Y, will arbitrarily be
selected as the species mass fraction to be deter-
mined. It is therefore convenient to express the
temperature as

T =Ty + {lgut} — )~ fThs,
By Yy by Py 4, ¥y - A,Y ] — (@32)f )

Y+ a ¥, - cp Yo 4 cp, Y3t (38)

where
ay - cpy + (2Wacp, — 2Wicp)| W1
ay = Cp, — @y
by = 4, + 2Wedy — 2W,d,)| W,
by=4,— b

and the mixture molecular weight as
4
W=t = [Z (Yd Wi)]
i=1

= (/W) + (B/ W) + (Yo W,). (39)

There will be now discussed in detail the flame
zone model; accordingly, it is assumed that there
exists a critical temperature Ty below which no
chemical reaction takes place and above which
the flow is in equilibrium. The actual selection
of T'yis somewhat arbitrary but can be considered
in terms of the flow and chemical times charac-
terizing the system and denoted by 7 and =,
respectively. For example, ignition delay times
in the hydrogen-oxygen—air system under
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consideration (cf. reference [12]) can be em-
ployed as a measure of the chemical time and T
selected so that 7. < 7;. For this chemical
system it should be noted that the pressure is
important in determining the validity of the
ignition delay time as a measure of the chemical
time. It is known from the results of references
{13] and [14] that the decay of intermediates
such as the atomic oxygen and atomic hydrogen,
created during the period defined by the ignition
delay, leads to the chemical energy release
associated with the hydrogen—oxygen reaction.
This decay corresponds to a third order, re-
combination process and is therefore pressure
sensitive. Roughly, the ratio of the overall
reaction time to the ignition delay is inversely
proportional to the pressure, being about 10
for a pressure of | atm. Accordingly, equilibrium
models of chemical behavior for the chemical
system under discussion will be realistic only for
pressure on the order of several atmospheres or
more and for temperatures in frozen flow
sufficiently high so that the ignition delay time
is small compared to the characteristic flow time.

The application of the flame zone model to
the determination of boundary-layer character-
istics results in the division of the domain of
the velocity ratio, f7, into sections wherein
Ww; =0 and other sections wherein chemical
equilibrium prevails. In the latter sections, the
element mass fractions, the mass fraction of
nitrogen, and one other species mass fraction,
¢.g. Y;. can be related according to the following
equations:

K =(pW) (WW WY YY) (40)
= {(@lpw)WW)(F, — Yo%

{YI[YZ — Wy Wi)( 71 — YPP} (402)

The equilibrium constant K, is a known function
of the temperature;* for numerical convenience
it can be approximated as

Ky 2 Bed'T, (40b)
For example, in the temperature range 500 << T’
<7 2000°K, with

7 7;}(;7irsanoted>k]; in reference [15] and is tabulated
therein.
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A = 29:950°K
B = 1-1138(10-3) atm 12 )

the exact function Kp = K,(T) is approximated
within a few per cent. It should be noted that
for T << 2000°K, Kp > 1 so that in equilibrium
states either Y, or ¥, or both are small compared
to unity. (37), (39), (40a) and (40b) permit the
state of the gas within the equilibrium sections
of the domain of the velocity ratio to be deter-
mined since as discussed previously the element
mass fractions ¥;; = 1, 2 are known in terms of
/7, ¢ and ¢&.

The boundaries of the domains are determined
by the following considerations: assume that
¢, & are given; let f' == (f")y = Uy denote the
velocity ratio at an edge of a flame zone. At such
an edge T = T and equilibrium prevails; thus
(37), (39), (40a) and (40b) with T = Ty and the
equations yielding ¥;, i = 1, 2 and Y, in terms
of f7, define Y; s and Uy provided g,,is determined;
clearly, an additional relation is still required
for the determination of Yy, Us and g,. Note
that g, can be expressed in terms of To, 17,
i =1,2, Y, and Y,; there results

Qu = h) [(Toe — Tr)(Bep, Yide + (EYidide] (42)
== he? {AT [y Yiw + a3 Yy + Cop Vo
+ Cpq Y4l"] "f b1 Ylw + b2 Yw}

+ Ay Vo + 44 Y g}
where

ATw = Tu‘ - Tr-
Case (a): Te, Ty < Ty

It is most convenient in discussing the further
details of the flame zone model, i.e. the deter-
mination of Yi;, Uy, and g, to consider the
several cases which are characterized by the
wall and external temperatures. Shown in Figs.
2a-c are three such cases;* the first (Fig. 2a)
corresponds to T,, Tw << Ty. There then arise
two zones wherein w; = 0, one close to the wall
and the other near the outer edge. Denote the
velocity ratio at the inner edge of the reaction

* Note that a fourth case Tw, T, > T is trivial with
respect to the chemical model under consideration since
it corresponds to equilibrium chemical behavior through-
out the boundary layer.

119

_Flame_ - Flame Fiame
_zone . zone ||

\[y3 )a/\/"/

AN

"

O Yy Y2 !
Flzu

Casela) 7, <7 Case(b) T, >7y, Caselc) T, < 7y,

e Te VT

FiG. 2. Schematic representation of composition

distributions.

zone as Uy, and that at the outer edge as Uy,,.
In the inner region the Crocco relation holds for
Y; so that

Yi= 1+ ( Ylf.1 - Yw*)[f//Ufa],
0<f < Us (43)

where Uy,, Yy and Yj;, are unknown. The
additional equation required to define the inner
layer is found as follows; solve for ¥, from (22)
and (43) by differentiating (43) with respect to
7 and by eliminating the derivative (Y}), in (22);
there results

Ylw = [(¢§Uf,1)/(1 + ?5) 4 Ylf.l]
+ A+ Urs§) (44)

Now (43), with Yy, eliminated by substitution
of (44) provides the requisite equation relating
Yir1, Uy, and gy. The set of equations defining
the location of the flame zone are non-linear and
algebraic-transcendental. An iterative method of
solution can be employed.t Note that if only the
heat transfer is of interest, the calculation is
completed by the determination of gy.

The determination of Uy,, is straightforward
since g, has been determined from the solution
of the inner region. The distribution of Y, in
the outer region is given again by the Crocco
relation for Y; in the form

Y1 = [Ylt’(f/~ Uf,z) + Ylf,z(l _f’)]
(1= Urd™, Upp<fr<1

t The calculations are similar to the usual equilibrium
calculations with auxiliary conditions, as for example,
those involved in detonation waves satisfying the Chap-
man-Jouget condition (cf. reference [15]).

(45)
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where Yiy,, is determined by equilibrium con-
siderations at the outer edge of the reaction zone.

Case (b): Te > T5, Tw < Tt

For this case there is one zone of frozen flow
close to the surface as shown in Fig. 2(b). The
analysis applicable to the inner layer of the
above case applies here so that the edge of the
reaction zone occurs at a velocity ratio Uy
denoted in the previous case as Uy,;. Note that
specification of equilibrium composition at the
outer edge, i.e. as f*-> 1 results in an indetermin-
ancy (¥, ¥; > Y;e, ¥, 0) permitting X, to
take on the value corresponding to T = T..

Case (¢): Tw > Ty, Te < Ty

As shown in Fig. 2(c) this case involves a
reaction zone adjacent to the wall. The wall
enthalpy ratio given in this case can be obtained
by applying the equilibrium condition, (40a)
with T = T, ¥i = Yo, i = 1,2,and ¥, = Yy,
in order to determine Y, and by subsequently
evaluating g, from (42). As in Casés (2) and (b)
the velocity ratio at the edge of the reaction
zone, denoted again by Uy, can be obtained from
the equilibrium conditions. In the outer portion
of the domain of the velocity ratio the mass
fraction Y, satisfies a Crocco relation of the
form given by (44) with Uy, replaced by Uy.

Relation to flame sheet model and a simplifying
approximation 7

In some cases the analysis of the flame zone
model discussed above is simplified by the afore-
mentioned observation that for values of Ty on
the order of 1000°K, the equilibrium constant
is large, implying Y; or Y, or both small. Thus
in some cases it is possible to let either Y;7 ~ O or
Y.s =~ 0 and thereby to obtain simply an approxi-
mate solution for the composition in terms of the
velocity ratio f”. Furthermore, this approxima-
tion effectively reduces the flame zone model to
the flame sheet model under certain circum-
stances. The fact that this reduction is not gener-
ally possible implies an essential difference
between the two models of chemical behavior.

As an example of the approximation consider
a case corresponding to Fig. 2(a) with the
injected gas a rich mixture of hydrogen and
oxygen (¢ < 8). Now at the inner edge of the
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reaction zone it would be expected on physical
grounds that Y7, ~ 0. Then (37) with T = T,
(42) and (44) with Y,r,; = 0 are three equations
yielding Uy, gw and Y. At the outer edge of
the reaction zone it would be expected that
Yaz,. ~ 0 and thus from (7) and (8) that

[¥. — @W/ W)y — Ylpe = 0. (46)

(46) along with (12), (13), (26) and (28) and (37)
with T = Ty and with g, determined from the
calculation of the inner edge are two equations
giving Uy, and Y,7,.. In this case the approxima-
tion to the equilibrium condition only simplifies
the analysis without altering the character of the
composition distributions in terms of f*. How-
ever, if in Case (a) ¢ == 8, i.e. a lean mixture
of hydrogen and oxygen is injected, then
equilibrium at the inner edge of the reaction
zone implies Yyr,, ~ 0; but then the reaction zone
effectively vanishes and the flame zone reduces
to a sheet. Moreover, Case (b) with ¢ > 8 by
the same reasoning reduces to a flame sheet and
is thus identical with Case (a) for the same values
of ¢. Finally in Case (c) with ¢ > 8, ¥,y ~ 0
although a zone of reaction would prevail.*

It should be noted that the approximation
relative to the mass fractions at the edge of the
flame zone precludes consideration of rates of
injection so low that oxygen from the free stream
diffuses to the wall. The critical values of ¢
corresponding to the lowest value of the injec-
tion may be determined as follows: elimination
of Y, between (7) and (8) yields

Y, =Y, — @Wy/W)(T, — Y. (@7)
Hence, for Y5, ~ 0
Yora = f’zfa — W/ W) Ylf,l- (48)
Utilizing (12) and (13) gives
Yora =01 — Uf,l)[?zw - (2W2/ wy }N’lw]
— W,/ Wl)Uf,l Yie. (49)

Evidently, to fulfill the physical requirement that
Y51 = 0 it follows from (49) that the inequality

Yow — QW W) Y > 0 (50)

* Note that from the point of view taken here there si
no difficulty associated with ¢ > 8, The flame sheet
model fails for this case (cf. reference [8]).
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must be satisfied. Using (26) and (28) in (50)
leads to the requirement

[8 — AL + HIE = Yie

so that the range of values of ¢ for which the
assumption Yy, ~ 0 holds is

It is further required that ¢ <C 8. It is interesting
to note that these inequalities are precisely the
conditions which must be satisfied for physically
meaningful solutions according to the flame sheet
apalysis as discussed by Eschenroeder [8]. How-
ever, the flame zone model applied without the
aforementioned approximation Y;,r~ 0 pro-
vides continuous behavior as £ — 0.

Finally, it should be noted that the approxima-
tion being discussed effectively eliminates the
pressure from the determination of the location
of the flame zone. The pressure would, however,
influence the composition within the flame zone
in the region where both the oxygen and hydro-
gen are present in small amounts. Of course,
the previous discussion regarding the role of the
pressure in determining the validity of the model
for the hydrogen—oxygen—air system must not
be overlooked. Note that there is no pressure
dependence in the flame sheet model.

(51

NUMERICAL EXAMPLES

To indicate some of the features of the flame
zone model discussed above and to compare its
predictions with other models of chemical
behavior, several numerical examples have been
carried out. These have involved several sets
of external flow conditions, two corresponding
to conditions in a typical hypersonic wind tunnel
and the others to typical conditions in hyper-
sonic flight. The flow and wall conditions
assumed are listed in Table 1; the values of the
thermodynamic parameters employed are given
in Table 2. The pressure was arbitrarily taken
to be 1 atm although somewhat higher pressures
may be required for the validity of the model.
At 1 atm a temperature of 1100°K leads to an
ignition delay on the order of 10 ¢ and an overall
reaction time of 300 w.. Thus for flow times on the
order of several milliseconds, an ignition tempera-

Table 1. Flow parameters used in the numerical calculations

M, e /15 . Te Tw De
(approx) (cal/gm) (degK) (degK) (atm)

Hypersonic 10-2 4444 1300 1200 1
flight 11-8 900 900
conditions 600

Wind tunnel 2:4 750 1300 1200 1
conditions 38 900 900
600

Table 2. Thermodynamic parameters used in the
numerical calculations

Parameter
I, 2000°K
T; | 1100°K
Cp, | 0-283 cal/g degK
Tp, 4-10 cal/g degK
Cp, 0-656 cal/g degk
Cp, 0-303 cal/g degK
4, 442 cal/g
4, ! 6324 cal/g
4, ! —2250 cal/g
d¢ 0 479 calfg
a, ‘ 0:05854 cal/g degK
a | 02249 cal/g degK
b, ‘ 3766 cal/g

b. ‘ —3324 cal/g

ture of 1100°K is reasonable and has been used
for the numerical analysis herein. The wall
external stream temperatures have been chosen
so that the various cases shown in Fig. 2 occur.

The calculations include the determination of
the heat transfer rates at the porous surface, as
well as the concentration and temperature
profiles within the boundary layer. The numerical
analysis was carried out on the Bendix G-15
computer at the PIBAL and as mentioned
previously, involved at most the solution of
simultaneous algebraic equations. For all except
the lowest values of £ the approximation relative
to the vanishing of either oxygen or hydrogen
at the edges of the flame zone was employed.
For the region of chemical equilibrium a trial
and error procedure to obtain solutions was
used for the determination of the composition
and temperature. Except in regions where both
the hydrogen and oxygen were present in small



122 PAUL A. LIBBY and CONSTANTINO ECONOMOS

amounts, the procedure converged rapidly; in
these particular regions special care had to be
exercised to assure convergence.

Results of heat transfer

The heat-transfer data are presented in Figs.
3-8. In the calculations presented in these
figures the influence of the external temperature
T. was found to be negligible; therefore the
results are applicable to all values of T, em-
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FiG. 3. Variation of heat-transfer ratio g/q, with

injection parameter f,;,, wall temperature T, and
coolant composition ¢—wind tunnel conditions.
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FiG. 4. Variation of heat-transfer ratio gq/g, with
injection parameter f,, wall temperature T, and
coolant composition ¢—flight conditions.

ployed herein. In Figs. 3 and 4 the variation of
the heat flux rate g with —f,, is compared to that
occurring on an impermeable wall under identical
flow conditions. This ratio, denoted by g/qo,
may be obtained from (31) and the definition of
go. There results

g0~ e 1 guo 2

where ¢;, and guw,, denote the skin friction co-
efficient and total enthalpy ratio at a solid wall
(zero injection). For a given wall temperature.
gw,o 18 easily computed, i.e. from (42) with
Yiw = Yqe, and cy/cy, is a known function of
—fw (cf. Fig. 1). Hence, calculation of g, yields
the corresponding value of g/go.

The results in Figs. 3 and 4 indicate that cool-
ing of the surface may be achieved in all cases
for sufficiently high rates of injection. Thus the
increase in the heat fluxes associated with
combustion and with the resultant formation of
water within the boundary layer is more than
balanced by the reduction due to the mass
transfer. For low rates of injection under wind
tunnel conditions, heat transfer considerably
greater than that associated with an impermeable
surface can occur. The effectiveness of the cool-
ant is decreased significantly by the injection of
hydrogen—oxygen mixtures rather than pure
hydrogen. This result is primarily a consequence
of the relatively high molecular weight of the
oxygen-hydrogen mixture, although the increase
in the production of water and the correspond-
ingly higher energy release also contribute to
the degradation of cooling effectiveness. The
dependence of the heat transfer on wall tempera-
ture is greatly reduced by both an increase in
free stream Mach number as shown by Lees [6]
and others and by the addition of oxygen to the
coolant.

The existence of negative values of g/go
shown in Fig. 3 is of interest and is due to the
low energy of the external flow corresponding to
wind tunnel conditions. The conductive heat
transfer in the range of ¢ giving g/gqo < 0O is
positive but is dominated by negative energy
transfer due to diffusion of hydrogen from the
wall. The values of gy, again in this range of ¢,
are greater than unity for sufficiently high wall
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temperatures. Injection of even a small amount
of oxygen with the coolant (¢ ~ 1) causes an
increase in the heating potential to which the
wall is exposed; the wall enthalpy is reduced
considerably and, in fact, can become negative.
This behavior is illustrated by the marked shift
of the curve of g/g, from the negative region for
¢ =0, to positive values for ¢ = 1. Under
hypersonic flight conditions this behavior does
not appear (cf. Fig. 4) since, for high Mach
numbers (and hence high values of hse), gw is
always less than unity.

As mentioned previously at the low rates of
injection the assumption that ¥, vanishes at the
inner edge of the flame zone becomes progres-
sively less tenable. In particular, for £ equal to
the value defined by (51) or less, the assumption
is not valid and must be replaced by the exact
condition of equilibrium at the edges of the
flame zone. The calculations then yield the
results shown in Figs. 3 and 4 in the neighbor-
hood of & =0; the ratio g/go— 1, and the
concentration profiles approach the uniform
distribution Y; = Yie, Yy = Yyo, Yo = Y3 =0.
The values of g/g, as obtained by either the
exact equilibrium considerations or by using the
approximation Y7, = 0 are numerically identi-
cal when computed for the injection parameter
equal to the limiting value defined by (51).

In Fig. 5 the heat-transfer results are com-
pared with that corresponding to the injection
of inert gas with the same molecular weight.

13
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FiG. 5. Ratio of heat transfers to wall with and with-

out combustion (g/g:;) as a function of injection

parameter f.. and coolant composition ¢—flight
conditions
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As may be expected the cooling effect is dimin-
ished in all cases by the chemical reaction.

Fig. 6 shows a comparison of the results
obtained for one case, using the present flame
zone model with that obtained with a flame sheet
model, as by Eschenroeder [8]. As can be seen
therein, the flame zone model predicts some-
what higher values of the heat transfer for
injection rates of practical interest although the
predictions of the two models are in close agree-
ment.

"zrfiff T T,=600°K
‘ ‘ ¢ =1 ‘
+OH- -----Flame zone |
: {present analysis) "
Flame sheet !
3 08+ - i
o (ref. 8) I
AR ‘
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|
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FiG. 6. Comparison of predictions of the flame sheet
and flame zone models for heat-transfer ratio (g/g,)—
flight conditions.

Coolant temperatures for an energy balance

In Figs. 7 and 8 are shown the values of
coolant temperature T, required in order to
maintain in the exposed surface at a prescribed
temperature, T, with a given injection rate.
This value of T, is determined by solving for
ge from (35). Then T, can be evaluated for a
particular coolant composition (i.e. prescribed
value of ¢). The points at which the curves
intersect the abscissa in Figs. 7 and 8 correspond
to the minimum values of the injection rate
necessary to maintain the assigned wall tempera-
ture T. (Evidently this minimum cannot be
realized in practice since the coolant gases
would have to be at absolute zero temperature.)
As can be seen from these figures, the addition
of even a small amount of oxygen to the mixture
greatly increases the rate at which the coolant
must be injected. This is further confirmation of
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the effectiveness of pure hydrogen as a coolant.
Furthermore, it can be shown that regardless of
the value of ¢, if the coolant rate corresponds
to blowoff, the required value of T, approaches
T...* This is indicated by the broken lines joining
the ends of the solid curves to the points T = Ty
at the blowoff value of —f3. It was not possible
to perform the actual computations in this
limiting region because of the singular behavior
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F1G. 7. Variation of coolant temperature 7, with
injection parameter f;» and coolant composition ¢—
wind tunnel conditions.
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Fic. 8. Variation of coolant temperature 7, with

injection parameter f,, and coolant composition
¢—Aflight conditions.

* The details of the proof thereof are given in Appendix
A,
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of the parameter ¢ which appears explicitly in
the analysis.

Temperature profiles

The effects of injection rate, of coolant
composition, and of external and wall tempera-
tures on the temperature distributions in the
boundary layer in terms of 4 are shown in Figs.
9-13. The calculations of these profiles have been
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Fi1G. 9. Effect of injection parameter £ on tempera-
ture profile—Case (a).
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Fi1G. 10. Effect of injection parameter ¢ on tem-
perature profile—Case (a).
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carried out only for the case of flight conditions
involving combinations of external and wall
temperatures shown in Fig. 2.

These figures indicate the following; the
maximum temperature is not greatly affected by
the rate of injection, by the injection of a small
amount of oxygen along with the hydrogen
(¢ = 1), or by the external and wall tempera-
tures. The value of % at the point of maximum

7 - Transformed normal co-ordincte

34
7/ 7e - temperature ratio

Fic. 11, Effect of injection parameter ¢ on teme

perature profile—Case (b).
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7/7e -temperature ratio

Fi. 12. Effect of injection parameter ¢ on tempera-
ture profile-—Case (¢).
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FiG. 13, Effect of wall temperature T:, on temperature
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temperature is increased by an increase in the
rate of injection.* The inner edge of the flame
zone in Case (a) and the edge in Cases (b) and
(c) move further from the wall as the rate of
injection increases. In Case (a) the inclusion of
oxygen in the coolant moves the edge of the
flame zone closer to the wall.

Concentration profiles

In Figs. 14-16 there are presented the con-
centration profiles for flight conditions and for
various rates of injection and various wall
temperatures. From these figures the following
will be noted: for Case (a) with ¢ == 1, the
concentrations of oxygen and hydrogen at the
surface increase with the rate of injection while
the concentration of nitrogen decreases and that
of water remains unchanged. In this same case
there exists within the flame zone a region with
negligible oxygen present; thus there are two
separate regions with oxygen present. In Case
(c), on the contrary, the concentrations of water
and nitrogen at the surface decrease with in-
creasing rates of injection and oxygen appears
only near the outer edge of the flame zone. When
the wall temperature is increased above the

* In the physical (x,») plane these points would tend
to be closer.



126 PAUL A. LIBBY and CONSTANTINO ECONOMOS

- Extent of flame zone -

O ngesr g 11
~._ THE=2)  mr2lE=2)
o~8{ \ws l) ’Ifg(e =5}

>
- “Jang)  70=900°K

T4 2600°K
2 06\ . w :
S Y (HeO) ! $=t
B \ 3 RS B
5 T D e
o :\
= o2k

<02
\—.\"~,.___.H

PRUE S e - JE
0 ! 2 3 4 5 6
7 -Transformed normal co-ordinate

Fia. 14, Effect of injection parameter ¢ on concentra-

tion profiles—Case (a)—flight conditions.

;- Extent of flame zone { 5 -

Mass fraction ¥

7 -Transformed normal co-ordinate

FiG. 15, Effect of injection parameter ¢ on concentra-
tion profiles—Case (c)—flight conditions.

O e T T < 900%K
08 S - SEECIIE
I NN i H ;
= Ty=600°K "

© e T, =1200°K

Mass fraction ¥

»-Transformed normal co-ordinate

Fi1G. 16. Effect of wall temperature T, on concentra-
tion profiles—flight conditions.

i

S pS s R
o i 2 3 "4 5 & 7

0 i 2 374 5 6 7

critical temperature, Ty, the oxygen at the sur-
face effectively vanishes even if oxygen is
injected in the coolant.

Comparison of profiles with other models

In Figs. 17 and 18 a comparison of the
temperature and concentration profiles as
predicted by the flame sheet and flame zone
models for combustion is presented. This com-
parison reveals that the two models differ signi-
ficantly in the prediction of the detailed structure
of the boundary layer. The difference in the wall
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FiG. 17. Comparison of predictions of the flame
sheet and flame zone models for the temperature
profile~-Case ().
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Fig. 18. Comparison of predictions of the flame
sheet and flame zone models for the concentration
profiles—Case (a).
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concentrations and temperature gradient are
particularly evident. Tn the latter instance, the
flame zone model predicts a higher value which
corresponds to an increase in the conductive
heat transfer to the wall. This is partially
balanced by a decrease in heat flux to the wall
by diffusion as revealed by closer inspection of
the concentration gradients at the wall. The net
result is a slight increase in the total heat transfer
to the wall, g, defined by (30) over the value ob-
tained by the flame sheet analysis. This is shown
in Fig. 6.

It is interesting to note that despite the con-
siderable differences predicted by the two models
in the detailed structure of the boundary layer,
a gross effect such as the heat transfer g remains
essentially unaffected.

The results obtained by use of the flame zone
model have not been compared with the model
proposed by Cohen [3] since for the conditions
used in the present calculations the static
temperatures within the boundary are too low
for the concept of a dissociation temperature to
be applicable.

CONCLUDING REMARKS

1n this report a model for combustion within
a boundary layer has been described and applied
to the case of hydrogen or hydrogen-oxygen
mixtures injected through a porous surface.
The model which is termed the flame zone
model utilizes the concept of a critical tempera-
ture to define regions of frozen flow, i.e. no
reaction and regions of chemical equilibrium.
The latter regions correspond to the flame zones.

The analysis corresponding to this model has
been carried out for laminar flows of the similar
type with the usual simplifying assumptions with
respect to transport and thermodynamic proper-
ties, i.e. Prandtl and Lewis numbers equal to
unity and the pu product equal to constant.
The hydrogen-oxygen—air system has been
considered with nitrogen treated as an inert
diluent.

Numerical examples indicative of wind tunnel
and flight conditions were carried out to examine
the features of hydrogen burning within the
boundary layer according to the proposed model.
The heat transfer to the porous surface is con-
sidered in detail. There are shown typical
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temperature and concentration profiles indica-
ting the effects of coolant composition, surface
temperature, free stream Mach number and free
stream stagnation temperature. The distinctions
between the proposed flame zone and the usually
treated flame sheet model of chemical reaction
are emphasized.
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APPENDIX A
The energy balance at blowoff

It is of interest to consider the dependence of
the coolant temperature corresponding to an
energy balance on the injection rate as the blow-
off rate is approached.

Consider (52); at blowoff ¢y/cs, -0, so that
q/qo - 0. Hence, from (34), k.- . Further-
more, as —fy, approaches the blowoff value from
(27) it may be seen that ¢ — oo. Taking the
limit as - o0 in (26). (28), (29). and (44)
yields

I
I+ g D

ECONOMOS

and
}’ w O y’ B 7:#‘— ‘A'2)
4 . 1% 1 ‘%_ (}15.
Hence,
2W, -
Yo = Wf (Yw_,- — Yl) =0 (A-3)
"o W, 1

Yg?,r = ( Yga‘ - Wi ng) — Ti’j——d) (A-4)

Referring to (18) it follows that (A-1)-(A-4)
imply

Yiw o= Yy
Yo == Yo (A-5)
Y3w = Y4w =0

so that the composition at the wall is identical
to that in the coolant chamber; hence, T; - - Ty
for —fw approaching the blowoff value.

Résumé—On propose un modéle de réaction chimique dans une couche limite laminaire basé sur la
conception d'une température critique séparant les régions de I’écoulement gelé et de écoulement en
équilibre. Le modele, qui rappelle celui de 1a zone de flamme, est appliqué a I’injection, & travers une
surface poreuse, dans une couche limite laminaire de mélanges H-O, les conditions extérieures dans
Pair étant uniformes. On montre que le modeéle est moins restrictif que le modeéle de flamme fréquem-
ment utilisé, auquel il se réduit dans des cas particuliers en faisant une approximation simplificatrice
en ce qui concerne la condition d’équilibre. On présente les résultats de plusieurs exemples numé-
riques relatifs 4 une soufflerie hypersonique et aux conditions de vol hypersonique.

Zusammenfassung—Fiir chemische Reaktionen in der Grenzschicht wird ein Modell vorgeschlagen,
das eine kritische Temperatur als Unterscheidungsmerkmal zwischen den Bereichen der eingefrorenen
und der Gleichgewichtsstromung definiert. Das Modell wird Flammzonenmodell genannt. Das
Einblasen von Wasserstoff-Sauerstoff-Gemischen in Luft durch eine pordse Oberfldche in die laminare
Grenzschicht mit gleichmissigen dusseren Bedingungen wird damit erlautert. Es zeigt sich, dass dieses
Modell weniger Einschrinkungen erfordert als das hiufig verwendete Flammenstreifenmodell; auf
letzteres ist es in Sonderfillen und mit einer vereinfachenden Annahme {iber die Gleichgewichts-
bedingung zuriickfiihrbar. Die Ergebnisse verschiedener Beispiele, die hypersonischen Windkanal-
und Flugbedingungen entsprechen, sind angegeben.

AnHoTauua-—Ilpensoxena MOeiaL XHMIYECKoli PeaKIUU B JIAMIHAPHOM IIOTPAHMYHOM Ciloe,

HCIONB3YKRIAA KpATHYECKYIO

TeMIOEePATypPy

1A pasrpaHU4YeHUs 3aMOPOKEHHOro u

PaABHOBECHOrO II0TOKA. JTA MOJENs HASHBAETCA MOJEIbI0 30HLI IIAMEHM M UPHMEHACTCH

K IIpolleccy BAYBA BOJOPOJHO—KUCIOPONHEIX C¢Meceil 4Yepe3 MOPHCTYI0 MOBEPXHOCTL B

JIAMIHAPHHI MOCPAHMYHHI CJ0i BO3AYXa NMPH ofHO POAHHX BHemHNX yenosuax. Iloxasaxo,

4TO0 3TA MOAEIL MEHee OrpaHHYeHa, deM OOBYHAA MOJeNIb CIOA IUIaMeHM, IPUMeHHUMasd B

YACTHHIX CAYYAfAX C MCIOJbBOBAHMEM YHPOIAOUIero RONYHEHUA DPaBHOBECHLIX YCIOBMM.

TIpNBORATCS YMCTENHBC TIPYMEpH AJA yCIOBMIU CBepX3BYLOBOM 29PORMHAMMYECKON TPYOH
H CBEPX3BYKOBOro MHOJETA.



